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Exercise. (|Dei85| exercise 5.1|) Let f € C(R"™) be such that f maps 0B(0, ) onto itself,
for some r > 0. Then

d(fm7 B(07 r)’ O) = [d(f7 B(07 r)? 0)]m'
Proof. We have f(0B(0,r)) = 0B(0,), hence the set
R™\ f(0B(0,r)) =R"\ 9B(0,r)

has only one bounded connected component, B(0, ).
Inductively, by the product formula ([Dei85|, theorem 5.1]),

d(f™ B(0,7),0) = d(f™ o f,B(0,7),0) =
= d(f, B(0,7),B(0,r)d(f™ 1, B(0,r),0) =

= [d(f, B(0,7), B(0,r))]™ =
‘D) 1act, Bo,r), 0™
0

Exercise. (|Dei85, exercise 5.2|) If 2 C R" is open bounded and f € C(£) is one-to-one,
then d(f,Q,y) € {—1,1} for every y € f(Q).

Proof. Fix yg € f(2) and zg = f~(yo). Let {K;}icsr be the bounded connected compo-
nents of R™ \ f(99). Denote by K; the component that contains yo.

By |Dei85|, proposition 1.1], there exist continuous extensions fof f and }:/1 of f~1
to R™.

By |Dei85, theorem 3.1(d6)], since id = f~'o f and f~1o fcoincide on the boundary
of 2, we have

d(f "o f,Q,20) = d(f~1 o f,Q, x0).
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Now the product formula (|Dei85, theorem 5.1|) implies that

15

d(id, Q, zo) =

d( -1 of,Qxg) =

d(f~1o f,9,m0) =

ST d(f, 0 K)d(f1 K, o). (1)
iel

We will now show that there is only one nonzero term, namely i = j. Fix i # j.
We first show that 0K; C f(99). Since f is a homeomorphism, we have

f(09) = 9f (). (2)
By definition of K;, we have

KU | | Kn | UK = (U Km> UKs =R™\ £(0Q) 2R\ 0£(Q).  (3)
mel mel
m#£i

Taking the boundaries of both sides, we obtain

0| Kiu| | Km | UKs | =0(R"\0f(Q)). (4)

mel

For the left side in (4)), note that when A and B are disjoint open sets, we have
0(AU B) = 0AU0B. For the right side, note that the boundary of a set coincides with
the boundary of its complement. Thus

K00 | | Kn | 0K = 007(9)) = 07(2) B 1(60),

mel

which implies that
OK; C f(09). (5)

In particular, 0K; C f(Q), so f—vl and f~! coincide on 9K;.
We can represent its closure as the disjoint union

= 0K; U[K; \ f(Q]U[KiN f(Q)] =

= OK; UK \ f(QU[K; N f(QU0Q)] =

= 0K; UK\ fF(Q]U[K; N f(Q)]U[K; N f(OQ)].



By we have that
OK; U[K; N f(0Q)] C f(09Q).

Because f is a homeomorphism and both  and K; are open, K; N f(Q) and K; \ f(Q)
are both open subsets of K;. Since xg & f(99), |Dei85| theorem 3.1(d2)] implies that

d(f 1, Kiywo) = d(f =1, Ki \ (), o) +d(f 1, K1 f(9), 20):
The second term is zero because yo & K; N f(Q), i.e.

d(F 1, K 0 F(9),m0) D d(F~ K 0 F(9),20) 2 0.

Hence, for i # j, we have
d(J/c_vl,Kiafvo) = d(f_vlin \ F(€), z0).
If we assume that
d(fila Kl \ f(ﬁ),l'()) 7& 07

by [Dei85, theorem 3.1(d4)] there should exist y € K; \ f(©Q) such that ]t/l(y) = x.
Thus

~ d ~ d4
d(f,Q,K;) 2 d(f,Q.y) 20, (6)
since y & F(@) = F(@).
Hence for all ¢ # j, either
d(f,Q,K;) =0 or d(f~L, K;, z0) = 0,
so the sum in reduces to
1= 3" d(f, 2, K)d(f~1, Ki o) = d(F, Q, Kj)d(f 1, K, o). (7)
i€l
Since yo € Kj,
~ ds ;= d6
d(f,Q,Kj) :d(f7Q7y0) :d(f7Q7y0) (8)
From and it follows that
~ 1
d(f7 QayO) = d(fa Qa K]) = /—\1—
d(fi >Kj> xO)

However, the topological degree d can only be an integer, hence

d(f,Q,y()) = d(f_l,Kj,.r()) S {—1, 1}.
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